The exact analytical formulas for the transverse momentum distributions of the Bose-Einstein, Fermi-Dirac and Maxwell-Boltzmann statistics of particles with nonzero mass in the framework of the Tsallis normalized and Tsallis unnormalized (also known as Tsallis-1 and Tsallis-2) statistics were consistently derived. The final exact results were expressed in terms of the series expansions in the integral representation. The zeroth term approximation to both quantum and classical statistics of particles was introduced. We have revealed that the phenomenological classical Tsallis distribution (widely used in high energy physics) is equal to the distribution of the Tsallis unnormalized statistics in the zeroth term approximation, but the phenomenological quantum Tsallis distributions (introduced by definition on the basis of the generalized entropy of the ideal gas) do not correspond to the distributions of the Tsallis statistics. We have found that in the ranges of the entropic parameter relevant to the processes of high-energy physics (q < 1 for Tsallis-1 and q > 1 for Tsallis-2) the Tsallis statistics is divergent. Therefore, to obtain physical results, we have regularized the Tsallis statistics by introducing an upper cut-off in the series expansion. The exact numerical results for the Bose-Einstein, Fermi-Dirac and Maxwell-Boltzmann statistics of particles in the Tsallis normalized and unnormalized statistics were obtained. We observed that the exact results of the Tsallis statistics strongly enhanced the production of high-pT hadrons in comparison with the usual phenomenological Tsallis distribution function at the same values of q. The q-duality of the Tsallis normalized and unnormalized statistics for the massive particles was studied.
The exact analytical formulas for the transverse momentum distributions of the Bose-Einstein, Fermi-Dirac and Maxwell-Boltzmann statistics of particles with nonzero mass in the framework of the Tsallis normalized and Tsallis unnormalized (also known as Tsallis-1 and Tsallis-2) statistics were consistently derived. The final exact results were expressed in terms of the series expansions in the integral representation. The zeroth term approximation to both quantum and classical statistics of particles was introduced. We have revealed that the phenomenological classical Tsallis distribution (widely used in high energy physics) is equal to the distribution of the Tsallis unnormalized statistics in the zeroth term approximation, but the phenomenological quantum Tsallis distributions (introduced by definition on the basis of the generalized entropy of the ideal gas) do not correspond to the distributions of the Tsallis statistics. We have found that in the ranges of the entropic parameter relevant to the processes of high-energy physics (q < 1 for Tsallis-1 and q > 1 for Tsallis-2) the Tsallis statistics is divergent. Therefore, to obtain physical results, we have regularized the Tsallis statistics by introducing an upper cut-off in the series expansion. The exact numerical results for the Bose-Einstein, Fermi-Dirac and Maxwell-Boltzmann statistics of particles in the Tsallis normalized and unnormalized statistics were obtained. We observed that the exact results of the Tsallis statistics strongly enhanced the production of high-pT hadrons in comparison with the usual phenomenological Tsallis distribution function at the same values of q. The q-duality of the Tsallis normalized and unnormalized statistics for the massive particles was studied.
I. INTRODUCTION
Power-law distributions are now regularly used to describe the transverse momentum distribution of particles produced at the LHC, RHIC [1] [2] [3] [4] [5] [6] [7] [8] , and the phenomenological transverse momentum distribution [9] [10] [11] inspired by the Tsallis statistics [12] has gained much attention. Most of the studies use an approximate version of the Tsallis-like transverse momentum spectrum (as will be seen in the later part of this manuscript) which was particularly popular in many theoretical and phenomenological works [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . In the present paper, we rather consider the original formulation of the Tsallis statistics [12, 27] that generalizes the Boltzmann-Gibbs entropic form and contains the power-law dependence of the equilibrium probability of microstates, which is obtained from the second law of thermodynamics (Jaynes principle or maximum entropy principle) [28] . Depending on the choice of the internal energy constraint, one lands upon several classification schemes of the Tsallis statistics. The present paper discusses two of them a) the Tsallis normalized and b) the Tsallis unnormalized statistics, which are also termed as the Tsallis-1 and the Tsallis-2 statistics, respectively [27] . We shall be interested in the exact approach to the transverse momentum distribution of the massive hadrons coming out of the high-energy collision experiments using the two Tsallis statistics formalisms. The present work represents as a generalization of an earlier work done by one of us [29] in the ultra-relativistic limit where particle mass was neglected and analytical results were obtained. In the present work, we consider all the three particle distributions with nonzero mass -Maxwell-Boltzmann, FermiDirac and Bose-Einstein within the ambit of the Tsallis normalized and unnormalized statistics in the grand canonical ensemble and provide a consistent derivation of the corresponding transverse momentum spectra.
The exact approach of the Tsallis nonextensive statistics has been applied to describe experimental data on the transverse momentum distribution of hadrons created in proton-proton collisions at high energies [30] . These results were obtained only for the case of the MaxwellBoltzmann statistics of massless particles in the ultrarelativistic limit and in the method in which the cutoff parameter of the series expansion was found from the inflection point. In the present paper, the cut-off parameter for the particles with nonzero mass was calculated from the minima of the characteristic function. Both of these methods were discussed and compared in Ref. [31] . In Ref. [29] , it was demonstrated that in the ultra-relativistic limit the phenomenological Tsallis distribution for the Maxwell-Boltzmann statistics of particles proposed in Ref. [9] exactly coincided with the transverse momentum distribution of the Tsallis unnormalized statistics in the zeroth term approximation. It was also proved that this distribution was obtained from the zeroth term approximation of the Tsallis normalized statistics by the transformation q → 1/q. In the present study, we obtain the same results for the particles with nonzero mass.
The Tsallis nonextensive statistics has been applied to the quantum systems. The exact solutions to the quan-tum ideal gas in the grand canonical ensemble were obtained in Refs. [32, 33] by using the integral representation approach based on the Hilhorst formula [34, 35] . The exact results for the quantum systems in the framework of the Tsallis statistics defined in the optimal Lagrange multiplier method were obtained by Hasegawa in [36] . The evaluation of an integral is difficult. Therefore, it was performed numerically or in an approximate way [32, 33, 36, 37] . In the present research, we have used the power series expansion of the exponential function containing the Boltzmann-Gibbs grand-canonical thermodynamic potential of the system. This method was considered in Refs. [29, 30, 38] . It is exact. In the relativistic case the integrals in each term of the series can be evaluated analytically only for the Maxwell-Boltzmann massless ideal gas [29, 30] . However, for the BoseEinstein, Fermi-Dirac and Maxwell-Boltzmann statistics of particles with nonzero mass they may not be solved analytically and need to be evaluated numerically or in some approximations.
The paper is organized as follows: in the next section, we discuss the general formalism of the Tsallis-1 statistics and derive the classical and quantum transverse momentum distributions. In Sec. III, we repeat the same calculations for the Tsallis-2 statistics. Sec. IV discusses the results and the plots of the transverse momentum spectra we obtain from our calculations. We summarize and conclude in Sec. V.
II. TSALLIS NORMALIZED STATISTICS IN THE GRAND CANONICAL ENSEMBLE
A. General formalism
The Tsallis normalized statistics or the Tsallis-1 statistics [12] is defined by the generalized entropy with the probabilities p i of the microstates of the system normalized to unity [12, 27] 
and by the standard expectation values
where q ∈ R is a real parameter taking values 0 < q < ∞.
Here and throughout the paper we use the system of natural unitsh = c = k B = 1. Note that in the Gibbs limit q → 1, the entropy (1) recovers the BoltzmannGibbs-Shannon entropy, S = − i p i ln p i , and the Tsallis normalized statistics is reduced to the BoltzmannGibbs statistics.
The thermodynamic potential Ω of the grand canonical ensemble is the Legendre transform of the fundamental thermodynamic potential H and it can be written as [38] 
where H = i p i E i is the mean energy of the system, N = i p i N i is the mean number of particles, and E i and N i are the energy and number of particles, respectively, in the i-th microscopic state of the system. The unknown probabilities {p i }, which are constrained by an additional function
are obtained from the second law of thermodynamics (the principle of maximum entropy). This means that in the grand canonical ensemble the set of equilibrium probabilities {p i } can be found from the constrained local extrema of the thermodynamic potential (3) by the method of the Lagrange multipliers (see, for example, Refs. [28, 38, 39] ):
where λ is an arbitrary real constant. Substituting Eqs. (3) and (4) into Eqs. (5), (6) and using again Eq. (4), we obtain the normalized equilibrium probabilities of the grand canonical ensemble of the Tsallis normalized statistics as [38] 
where Λ ≡ λ − T and ∂E i /∂p i = ∂N i /∂p i = 0. In the Gibbs limit q → 1, the probability
, where Λ = −T ln Z is the thermodynamic potential of the grand canonical ensemble and
is the partition function. Substituting Eq. (7) into Eq. (2), we obtain the statistical averages of the Tsallis normalized statistics in the grand canonical ensemble as [38] 
where the norm function Λ is the solution of Eq. (8) .
Let us rewrite the probabilities of microstates (7), the norm equation (8) and the statistical averages (9) in the integral representation. To obtain this, we use the formulas for the integral representation of the Gammafunction [34, 35] :
Using Eqs. (10) and (11) for q < 1 and q > 1, respectively, we obtain the formulas for the integral representation of the probabilities of microstates (7) as
and
These equations link the probability distribution of the Tsallis normalized statistics with the probability distribution of the Boltzmann-Gibbs statistics. The norm equation (8) in the integral representation can be rewritten as [31] 1
where β = t(1 − q)/qT and
Equations (15) and (16) link the Tsallis norm function Λ with the thermodynamic potential of the BoltzmannGibbs statistics. The statistical averages (9) can also be written in the integral representation. Using Eqs. (10) and (11) for q < 1 and q > 1, respectively, we obtain [31] A = 1
where
Equations (18) and (19) link the statistical averages of the Tsallis normalized statistics with the corresponding statistical averages (20) of the Boltzmann-Gibbs statistics.
B. Ideal gas
Let us consider the ideal gas of hadrons for the Tsallis normalized statistics in the grand canonical ensemble and find the transverse momentum distribution of hadrons.
Exact results
a. General case Let us find the exact results for the ideal gas of hadrons of the Tsallis normalized statistics in the grand canonical ensemble for both quantum and classical statistics of particles. The norm equation (8) for the ideal gas in the occupation number representation can be written as [29] {npσ}
where ε p = p 2 + m 2 is the one-particle energy, m is the mass of the particle, n pσ = 0, 1, . . . , K are the occupation numbers, G{n pσ } = 1 for the Fermi-Dirac (K = 1) and Boze-Einstein (K = ∞) statistics of particles, and G{n pσ } = 1/( pσ n pσ !) for the MaxwellBoltzmann (K = ∞) statistics of particles. The norm equation (21) in the integral representation (14) and (15) can be rewritten in the form of a series expansion as
is the thermodynamic potential for the ideal gas of the Boltzmann-Gibbs statistics of microstates in which η = 1 for the Fermi-Dirac statistics, η = −1 for the BoseEinstein statistics and η = 0 for the Maxwell-Boltzmann statistics of particles. The mean occupation numbers for the ideal gas of the Tsallis normalized statistics in the grand canonical ensemble can be defined as [29, 31] 
The mean occupation numbers (25) for the Tsallis normalized statistics in the integral representation (18)- (20) take the forms
are the mean occupation numbers of the ideal gas of the Boltzmann-Gibbs statistics. The mean energy and the mean number of particles of the system for the ideal gas of the Tsallis normalized statistics in the grand canonical ensemble can be written as [29] 
where the mean occupation numbers n pσ are calculated by Eqs. (26)- (28) . Then, the mean energy (29) and the mean number of particles (30) of the system for the Tsallis normalized statistics in the integral representation (18)- (20) are
are the mean energy and the mean number of particles, respectively, for the ideal gas of the Boltzmann-Gibbs statistics.
The transverse momentum distribution of particles is related to the mean occupation numbers as
where ε p = m T cosh y, p T and y are the transverse momentum and rapidity, respectively, and the transverse mass m T = p 2 T + m 2 . Substituting Eqs. (26) and (27) into Eq. (36), we obtain
b. Maxwell-Boltzmann statistics of particles Let us derive in more detail the formulas for the MaxwellBoltzmann statistics of particles. In this case, the thermodynamic potential of the ideal gas of the BoltzmannGibbs statistics (24) takes the form
where K ν (z) is the modified Bessel function of the second kind. Substituting Eq. (39) into Eqs. (22) and (23), we obtain the norm equation for the Maxwell-Boltzmann statistics of particles as
which, for brevity, we write as
Note that in the ultrarelativistic limit (m = 0), Eqs. (40) and (41) recover Eq. (18) of Ref. [29] . Substituting Eqs. (39) and (28) for η = 0 into Eqs. (26) and (27), we find the mean occupation numbers for the MaxwellBoltzmann statistics of particles as
In the ultrarelativistic limit (m = 0), Eqs. (43) and (44) recover Eq. (25)of Ref. [29] . The mean number of particles of the Boltzmann-Gibbs statistics (35) in the case of the Maxwell-Boltzmann statistics of particles can be written as
Substituting Eqs. (39) and (45) into Eqs. (33) and (34), we obtain the mean number of particles for the MaxwellBoltzmann statistics as
In the ultrarelativistic limit (m = 0), Eqs. (46) and (47) recover Eq. (27) of Ref. [29] .
The mean energy of the Boltzmann-Gibbs statistics (35) in the case of the Maxwell-Boltzmann statistics of particles can be written as
(48) Substituting Eqs. (39) and (48) into Eqs. (31) and (32), we obtain the mean energy of the system for the MaxwellBoltzmann statistics of particles as
In the ultrarelativistic limit (m = 0), Eqs. (49) and (50) recover Eq. (29) of Ref. [29] .
Substituting Eqs. (43) and (44) into Eq. (36), we obtain the transverse momentum distribution for the Maxwell-Boltzmann statistics of particles as
In the ultrarelativistic limit (m = 0), Eqs. (51) and (52) recover Eq. (34) of Ref. [29] .
Zeroth term approximation
Let us find the thermodynamic quantities given above in the zeroth term approximation introduced in Ref. [29] when in the series expansions we retain only the zeroth term (n = 0). Taking n = 0 in Eqs. (22) and (23) and using Eqs. (10) and (11), we obtain that the norm function Λ = 0. Substituting this value of Λ into Eqs. (26) and (27) and considering only the zeroth term, we obtain
The Fermi-Dirac and Bose-Einstein functions can be rewritten in the following forms:
where |x| < 1. Using Eqs. (10), (11) and (53)- (55), we obtain the mean occupation numbers in the zeroth term approximation for different values of η as
for η = −1 and (57)
In the ultrarelativistic limit (m = 0), Eq. (58) recovers Eq. (37) of Ref. [29] . Substituting Eqs. (56)-(58) into Eq. (29), we obtain the mean energy of the system in the zeroth term approximation for different values of η as
Now substituting Eqs. (56)- (58) into Eq. (30), we obtain the mean number of particles of the system in the zeroth term approximation for different values of η as
Substituting Eq. (56) into Eq. (36), we obtain the transverse momentum distribution of hadrons (37) and (38) for the Fermi-Dirac statistics of particles (η = 1) in the zeroth term approximation of the Tsallis normalized statistics as
Substituting Eq. (57) into Eq. (36), we find the transverse momentum distribution of hadrons (37) and (38) for the Bose-Einstein statistics of particles (η = −1) in the zeroth term approximation of the Tsallis normalized statistics as
. (66) Substituting Eq. (58) into Eq. (36), we obtain the transverse momentum distribution of hadrons (51) and (52) for the Maxwell-Boltzmann statistics of particles (η = 0) in the zeroth term approximation of the Tsallis normalized statistics as
In the ultrarelativistic limit (m = 0), Eq. (67) recovers Eq. (44) of Ref. [29] and Eq. (8) of Ref. [30] . It should be stressed that if we transform the parameter q → 1/q in Eq. (67), we exactly obtain the transverse momentum distribution of the Tsallis-factorized statistics named the Tsallis distribution [9] (see Eq. (56) in Ref. [9] ), which is widely used to fit the experimental data in high energy physics. Thus, the phenomenological Tsallis distribution [9] for the Maxwell-Boltzmann statistics of particles exactly corresponds to the zeroth term approximation of the Tsallis statistics [12] . However, the phenomenological Tsallis distributions for the Fermi-Dirac and BoseEinstein statistics of particles introduced in Ref. [9] do not correspond to the Tsallis statistics [12] (cf. Eqs. (31) and (33) of Ref. [9] along with Eqs. (56) and (57) of the present paper).
III. TSALLIS UNNORMALIZED STATISTICS IN THE GRAND CANONICAL ENSEMBLE
The Tsallis unnormalized statistics or the Tsallis-2 statistics [12] is defined by the generalized entropy, which is the same as the entropy of the Tsallis-1 statistics (1), with the probabilities p i of the microstates normalized to unity [12, 27] 
and by the generalized expectation values [12, 27] 
where q ∈ R is a real parameter taking values 0 < q < ∞. Using the method of the Lagrange multipliers (4)-(6) and Eq. (70), we get [27, 29] 
is the norm function like the partition function related to the Lagrange multiplier λ, which is fixed by the norm equation of probabilities given in Eq. (68) [27, 29] .
The statistical averages (69) for the Tsallis unnormalized statistics in the grand canonical ensemble can be rewritten in the general form as [27, 31] 
where Z is calculated from Eq. (72). Let us rewrite the probabilities of microstates (71), the partition function (72) and the statistical averages (73) in the integral representation. Using Eqs. (10) and (11) for q > 1 and q < 1, respectively, we obtain the formulas for the integral representation of the probabilities of microstates (71) as
These equations link the probability distribution of the Tsallis unnormalized statistics with the probability distribution of the Boltzmann-Gibbs statistics. The partition function (72) in the integral representation can be written as
where β = t(q − 1)/T and Ω G (β ) is the thermodynamic potential of the Boltzmann-Gibbs statistics defined in Eq. (16) . Equations (76) and (77) link the partition function Z of the Tsallis unnormalized statistics with the thermodynamic potential of the Boltzmann-Gibbs statistics. Let us rewrite the statistical averages (73) in the integral representation. Using Eqs. (10) and (11) for q > 1 and q < 1, respectively, we obtain
where A G (β ) is the statistical averages of the Boltzmann-Gibbs statistics defined in Eq. (20) . Equations (78) and (79) link the statistical averages of the Tsallis unnormalized statistics with the corresponding statistical averages of the Boltzmann-Gibbs statistics.
B. Ideal gas
Let us consider the ideal gas of hadrons for the Tsallis unnormalized statistics in the grand canonical ensemble and calculate the transverse momentum distribution of hadrons.
Exact results
a. General case Let us find the exact results for the ideal gas of hadrons of the Tsallis unnormalized statistics in the grand canonical ensemble for both quantum and classical statistics of particles. The partition function (72) for the ideal gas in the occupation number representation is [29, 31] 
Then, the partition function (80) in the integral representation (76) and (77) can be rewritten as
where Ω G (β ) for the ideal gas is defined in Eq. (24) . The mean occupation numbers for the ideal gas of the Tsallis unnormalized statistics in the grand canonical ensemble can be defined as [29, 31] 
The mean occupation numbers (83) for the Tsallis unnormalized statistics in the integral representation (78), (79) take the form
where n pσ G (β ) is defined in Eq. (28).
The mean energy and the mean number of particles of the system for the ideal gas of the Tsallis unnormalized statistics in the grand canonical ensemble can be written as
where the mean occupation numbers n pσ can be calculated by Eqs. (84)-(85). The mean energy (86) and the mean number of particles (87) of the system for the Tsallis unnormalized statistics in the integral representation (78), (79) are
where H G (β ) and N G (β ) are defined in Eq. (35) . The transverse momentum distribution of particles of the Tsallis unnormalized statistics are calculated from the mean occupation numbers of the ideal gas in the grand canonical ensemble. Substituting Eqs. (84) and (85) into Eq. (36), we obtain
b. Maxwell-Boltzmann statistics of particles Let us rewrite explicitly the formulas for the MaxwellBoltzmann statistics of particles. Substituting Eq. (39) into Eqs. (81) and (82), we obtain the partition function for the Maxwell-Boltzmann statistics of particles in the Tsallis unnormalized statistics as
Note that in the ultrarelativistic limit (m = 0), Eqs. (94) and (95) recover Eq. (63) of Ref. [29] .
Substituting Eqs. (39) and (28) for η = 0 into Eqs. (84) and (85), we find the mean occupation numbers for the Maxwell-Boltzmann statistics of particles in the Tsallis unnormalized statistics as
In the ultrarelativistic limit (m = 0), Eqs. (97) and (98) recover Eq. (66) of Ref. [29] . Let us find the mean number of particles in the system. Substituting Eqs. (39) and (45) into Eqs. (90) and (91), we obtain the mean number of particles for the MaxwellBoltzmann statistics in the Tsallis unnormalized statistics as
(100)
In the ultrarelativistic limit (m = 0), Eqs. (99) and (100) recover Eq. (67) of Ref. [29] . Let us find the mean energy of the system. Substituting Eqs. (39) and (48) into Eqs. (88) and (89), we obtain the mean energy of the system for the MaxwellBoltzmann statistics of particles in the Tsallis unnormalized statistics as
In the ultrarelativistic limit (m = 0), Eqs. (101) and (102) recover Eq. (68) of Ref. [29] . 
In the ultrarelativistic limit (m = 0), Eqs. (103) and (104) recover Eq. (73) of Ref. [29] .
Zeroth term approximation
Let us obtain the thermodynamic quantities given above in the zeroth term approximation, which was introduced in Ref. [29] . Taking n = 0 in Eqs. (81) and (82) and using Eqs. (10) and (11), we obtain that the parti- tion function Z = 1. Substituting this value of Z into Eqs. (84) and (85) and retaining only the zeroth term (n = 0), we obtain
Using Eqs. (10), (11) and (105), (106), we obtain the mean occupation numbers in the zeroth term approximation in the Tsallis unnormalized statistics for different 0.1 values of η as
In the ultrarelativistic limit (m = 0), Eq. (109) recovers Eq. (74) of Ref. [29] . Substituting Eqs. (107)- (109) into Eq. (86), we obtain the mean energy of the system in the zeroth term approximation in the Tsallis unnormalized statistics for different values of η as
Now substituting Eqs. (107)- (109) into Eq. (87), we obtain the mean number of particles of the system in the zeroth term approximation in the Tsallis unnormalized statistics for different values of η as
Substituting Eq. (107) into Eq. (36), we obtain the transverse momentum distribution of hadrons for the Fermi-Dirac statistics of particles (η = 1) in the zeroth term approximation in the Tsallis unnormalized statistics as
Substituting Eq. (108) into Eq. (36), we find the transverse momentum distribution of hadrons for the BoseEinstein statistics of particles (η = −1) in the zeroth term approximation in the Tsallis unnormalized statistics as
Substituting Eq. (109) into Eq. (36), we obtain the transverse momentum distribution of hadrons for the MaxwellBoltzmann statistics of particles (η = 0) in the zeroth term approximation in the Tsallis unnormalized statistics as
In the ultrarelativistic limit (m = 0), Eq. (118) recovers Eq. (80) of Ref. [29] and Eq. (15) from Ref. [31] . It should be stressed that Eq. (118) exactly coincides with the transverse momentum distribution of the MaxwellBoltzmann statistics of particles of the Tsallis-factorized statistics defined in Ref. [9] (see Eq. (56) in Ref. [9] ). Thus, we have proved that in the case of the MaxwellBoltzmann statistics of particles, the phenomenological Tsallis distribution introduced in Ref. [9] is the transverse momentum distribution of the Tsallis unnormalized statistics in the zeroth term approximation. However, the Tsallis distributions for the Fermi-Dirac and BoseEinstein statistics, which were also introduced in Ref. [9] by the ansatz, do not correspond to the Tsallis unnormalized statistics (cf. Eqs. (31) and (33) from ref. [9] with Eqs. (107) and (108) of the present paper). Note that there is a limiting value of q at which the zeroth term approximation and the Tsallis statistics on the whole become divergent [20, 25] .
IV. ANALYSIS AND RESULTS
After discussing the general formalisms of the Tsallis-1 and Tsallis-2 statistics, we now proceed to compare the particle spectrum d 2 N/dp T dy, which is an experimen- tally measurable quantity, calculated in these two approaches. We have already noticed that the mathematical expressions for the particle spectra involve infinite summations (see Eqs. (37) and (92)) which diverge for an arbitrarily large number of terms. Hence, we introduce the procedure of regularizing the particle spectra. For the Tsallis-1 statistics, the upper cut-off (say n = n 0 , where n is the ordinality of the terms) is found from the minimum of the natural logarithm of φ(n), which appears while normalizing the probabilities (see Eq. (40)). For the Tsallis-2 statistics, n 0 is found from the local minimum of the natural logarithm of the function ψ(n), which appears in the description of the partition function (see Eq. (94)). For the visual demonstration of the appearance of the minima, we have plotted the variation of ln φ(n) and ln ψ(n) with n for different values of the Tsallis parameter q in Fig. 1 . In the Gibbs limit q → 1, the functions ln φ(n) and ln ψ(n) are monotonically decreasing with n. With decreasing/increasing values of q (depending on whether it is the Tsallis-1 or the Tsallis-2 formalism), prominent local minima appear and after certain values of n the functions start diverging. The prominence of the local minima disappears with decreasing (increasing) q values in the Tsallis-1(Tsallis-2) statistics.
After this preliminary discussion on the regularization scheme of the Tsallis-1 and the Tsallis-2 statistics, we turn our attention to the particle spectra in the Tsallis statistics and the Tsallis-factorized statistics. In Fig. 2 we show the mid-rapidity (y = 0) spectra (Tsallis Maxwell-Boltzmann as well as Tsallis MaxwellBoltzmann factorized which is the same as the n = 0 term in the expansion) of the π − particles for the fixed values of temperature T = 82 MeV, radius R = 4 fm and chemical potential µ = 0 for four different q values in the Tsallis-1 statistics. It is noticed that the spectra get harder with decreasing values of q. This behaviour is not unexpected because smaller q values correspond to the spectra in the LHC region where we get higher momentum particles. As opposed to that, larger values of q correspond to the region probed by the experiments like NA61/SHINE, for example, where the high-p T particle production is less [20, 30] . Thus, we have obtained that the Tsallis-1 statistics essentially increases the production of high-p T hadrons in comparison with the phenomenological Tsallis distribution at the same value of q.
The same behaviour is noticed in Fig. 3 for the Tsallis-2 statistics so that the larger the q value is, the harder the spectra are. This observation reveals the inverse relationship between the q parameters in the two approaches so that higher q values in Fig. 3 correspond to lower q values in Fig. 2 .
In Fig. 4 , we compare the mid-rapidity MaxwellBoltzmann spectra in the Tsallis-1 and Tsallis-2 statistics for massive particles. We find that the spectra are different in the two approaches. This is starkly different from the massless case where the spectra calculated in the Tsallis-1 and Tsallis-2 overlap with each other [31] under the multiplicative transformation q → 1/q. The equivalence of the nonextensive formalisms under this replacement reflects the q-duality [40] . Thus, we have found that for the Maxwell-Boltzmann statistics of particles the multiplicative q-duality of the Tsallis-1 and Tsallis-2 formalisms is preserved for massless particles and it is violated for massive ones. However, it is easy to verify that the multiplicative q-duality of the Tsallis-1 and Tsallis-2 formalisms in the zeroth term approximation is preserved for the Fermi-Dirac, Bose-Einstein and MaxwellBoltzmann statistics of both massive and massless particles. For example, Eqs. (116), (117) and (118) Figures 5 and 6 present the quantum statistics of particles. In Fig. 5 , a comparison of the mid-rapidity classical and quantum spectra of the Tsallis-1 (left panels) and the Tsallis-2 (right panels) statistics is displayed for different q values. In this figure, the upper left and the lower left panels have q values 0.88 and 0.98, respectively, whereas the upper right and the lower right panels have q values 1.14 and 1.02 in that order. From the upper panels we observe that in the low momentum region the relative difference between the Fermi-Dirac (BoseEinstein) and the Maxwell-Boltzmann spectra increases 0.001 (decreases) and both of them become almost constant in the higher momentum region. However, in the spectra shown in the lower panels the difference between the Fermi-Dirac and the Maxwell-Boltzmann spectra grows more rapidly than that between the Bose-Einstein and the Maxwell-Boltzmann spectra. We plot the classical and quantum spectra in the Tsallis-1 statistics for two temperature values given by 82 MeV and 102 MeV in Fig. 6 and as expected, we see that at higher temperature the classical and quantum distributions tend to merge together. Hence, from the above discussion it is apparent that the quantum statistics becomes important at lower values of temperature and at higher q values in the Tsallis-1 statistics, which correspond to lower q values in the Tsallis-2 statistics. This region of low temperature and low q (in Tsallis-2 where q > 1) values is probed by the experiments like NA61/SHINE and will be probed in the forthcoming accelerators like NICA [20, 30] . Hence, we infer that the description of the transverse momentum distribution of hadrons in terms of the classical Tsallis statistics will be insufficient because one needs to evoke the quantum statistics for the particles produced in this regime.
V. SUMMARY, CONCLUSIONS AND OUTLOOK
To summarize, we have derived in a general form the equilibrium probability distribution functions of microstates of the system for both the Tsallis normalized and unnormalized statistics in the grand canonical ensemble from the second law of thermodynamics. The probabilities of microstates and thermodynamic quantities for both nonextensive statistics formalisms were expressed analytically in terms of the corresponding Boltzmann-Gibbs quantities using the integral representation.
We have obtained the exact results for the relativistic ideal gas of massive particles following the BoseEinstein, Fermi-Dirac and Maxwell-Boltzmann statistics in the grand canonical ensemble in the framework of the Tsallis normalized as well as the Tsallis unnormalized statistics. The exact analytical formulae for the transverse momentum distributions and the thermodynamic quantities for both quantum and classical statistics of massive particles have been obtained in the form of series expansions in the integral representation. For the classical Maxwell-Boltzmann statistics of particles, the terms of the series have been expressed in the form of integrals of the integer powers of the modified Bessel functions. Apart from the exact results for the Tsallis statistics we have also considered approximate ones retaining in the series only the zeroth order terms. We have revealed that the phenomenological Tsallis distribution for the Maxwell-Boltzmann statistics of particles proposed in Ref. [9] (which is largely used in high energy physics) exactly coincides with the transverse momentum distribution of the Tsallis unnormalized statistics in the zeroth term approximation. Moreover, we have also found that this phenomenological Tsallis distribution can be obtained from the zeroth term approximation of the Tsallis normalized statistics by the transformation q → 1/q. However, the phenomenological Tsallis distributions for the quantum Bose-Einstein and Fermi-Dirac statistics of particles proposed in Ref. [9] fail to recover the exact or zeroth term approximate results of both the Tsallis normalized and Tsallis unnormalized statistics [12] . It should be stressed that the same results were obtained earlier by one of the authors of this paper for the Maxwell-Boltzmann statistics of massless particles and hence, the present work stands as a generalization of that to the quantum statistics of particles and nonzero particle mass. In the massless (m → 0) limit of the present calculations for the classical statistics of particles, one gets back the results of the previous work.
We have calculated numerically the transverse momentum distributions of massive hadrons. We have revealed that in the ranges of the entropic parameter relevant to the processes of high energy physics (q < 1 for Tsallis-1 and q > 1 for Tsallis-2) the exact Tsallis statistics is divergent. The Tsallis statistics converges for q = 1 when it recovers the Boltzmann-Gibbs statistics. Nevertheless, we have revealed that there is a few terms in the series expansions in the vicinity of the zeroth order term which are finite and have physical meaning in the processes of high energy physics. The number of these physical terms depends on the value of q and increases infinitely with q → 1. Therefore, to obtain physical results we have regularized the Tsallis statistics by introducing the upper cut-off in the series expansions.
We have compared the numerical results of the exact transverse momentum distribution of the Tsallis statistics with that obtained from the phenomenological Tsallis distribution. We have revealed that the exact results of the Tsallis statistics (Tsallis-1 and Tsallis-2) strongly enhance the production of the high-p T hadrons in the transverse momentum distributions in comparison with the phenomenological Tsallis distribution function at the same values of q. We have also found that in contrast to the case of massless particles, the q-duality of the Tsallis normalized and Tsallis unnormalized statistics in the case of massive particles is not followed. However, the qduality for both these two nonextensive formalisms in the zeroth term approximation is preserved for both massive and massless particles and for all three particle statistics.
The exact numerical results for the quantum statistics of particles (Bose-Einstein and Fermi-Dirac) in the Tsallis normalized and Tsallis unnormalized statistics of microstates have been obtained. We have shown that the quantum statistics of particles in the Tsallis distributions is significant at small values of the transverse momentum of hadrons up to 1 GeV and at small energies of heavy-ion or pp collisions.
The present work proposes the exact transverse momentum distributions within the scope of the Tsallis statistics in the case of massive hadrons. These exact distributions of the massive hadrons are yet to be applied for describing experimental data in high energy physics. Therefore, the results of the present work can be applicable in the case of particle spectra produced in different experiments like NA61/SHINE, PHENIX, ALICE colliding protons on protons and heavy-ions to study the effect of the exact Tsallis statistics. The results can also be compared with the earlier works which have utilized phenomenological Tsallis distributions. In addition to that, one can also verify the onset of the quantum statistics with the help of the quantum spectra calculated in this paper. And last but not least, the same calculation can be repeated for other formalisms of the Tsallis statistics (the Tsallis-3 formalism is one such example) and can be compared/contrasted with the present work.
